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Fast answer:
Warm-up: Give an equation y = £ + %(an)

for the line through the point

(3, 5) with slope .

(See Tasks ¥-15
from List 0.)




Cont &Mui@v
The function f(x) is continuous at x = p if
1. f(p)isdefined and 2 .limf(x)exists and 3.limf(x) = f(p).
X—p

X—>pD

Many common functions (polynomials, exponentials, sin and cos) are
continuous at all points or on some interval (\/)_c is continuous on [0,00)).

T:j pes Oﬂf Aisconbinuibies

The graph y = f(x) has a hole at x = a if ! : e
1. Iimf(x) is finite and | i
x—a - it

2. f(a) is not defined or f(a) # lim f(x). gL i
X—d L 2 4 : 2 4
There are also official definitions for jump and asymptote.
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What is the slope of the tangent line to y = XZ at point (1, l)’?
The slope of the SECANT Lline is
Af  $00-$(1)
Ax ~  x-1
or
A = £0<) - £(2) Af  £a+h)-£(1)
Ax Il

This is the same idea as

APOSE;&QM

AVCH s[pe@.c& =

Abime



X2

What is the slope of the tangent line to y = I at point (1, l)’?

We can use either of these Limiks
for the slope of the TANGENT Lline:

1 ~ Al
Gyt
o e 4
4 Slo pe = Limm ——

N slo pe Lim
ho O g



Derivative abk a F»r_:) LAk

The derivative of f(x) at x = a (or the derivative of f at a) can be written
o f'(a) spoken as “F prime of A” or “F prime at A”

. U
dx

o 1y
dx

spoken as ‘D F D X at X equals A” or “D F D X when X=A"

X=d

spokenas ‘D YD Xat XequalsA”or "D Y D X when X=A"

e +h)—
and is calculated as ['(a) = limw.
h—0

It is the slope of line through the point (a, f(a)) that is tangent to the graph of /.
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X
Task: Give an equation for the tangent line to y = = atx = 1.
® We have already calculated /(1) = % for the function f(x) = x*/4.
1 1
—(14—-!«)2’ — =
e -
Livm
0 h
° We also know that f{1) = -, so the line includes the point (1, ).

The task is really give an equation for the line through (1,%) with slope

One answer Ls

2
%



Liear a p F'm-xi;ma% LOWn

Definition: the linear approximation to f(x) near x = a is the function

L(x) = f(a) + f(a)(x — a).

If you really understand tangent lines, then you already know this formula! It’s
what we need to make y = L(x) tangentto y = f(x).

y = L(x)

3=/ o If x % o (the value of x is
close to a), then £(x) %~ L(x).

o If x is far from a, then L(x)
and £{(x) might have very
different values.



Use this to..
o find the tangent line to y = f(x) at x = 2.

First we need £2) = -32 + 24 - 0.¥ = 20

Answer: y = 20 + 16(x - 2)
e approximate f(2.25).

Answer: 20 + 16(2.25 - 2) = 24
(The actual value $(2.28) is 23.50%...)

K10

20

10

-10




Continuous vs, differentiable

We know a function can be continuous at some points and not at others.

The same idea happens with derivatives.
o We say f(x) is differentiable at x = a if f'(a) is finite.
o We say f(x) is differentiable on |a, b ] if f'(x) is finite for alla < x < b.

different left- and right-Llimits for §/
so Limik for £’ doesn't exist here

y = $(x)

Evar&cat tangent Line, so
'slope of tangent line doesn't exist



C @, V\E E;V\ MHOWS VS, d iffﬂf Mjl' EOL b i.

We know a function can be continuous at some points and not at others.

\//j—\v = 90

Fact: If a function is not continuous at x = a then it is

not differentiable at x = a.




C /
alculate f(14) for the function f(x) = x°

(14+k)2 - 14%

i'-
ety e
k . S e 2-(14) e 2?
i galculatef'(S) for the function f(x) = x° (i
alculate f'(11) for the function f(x) = x.z L?mm
R LWV,

° Cal ’
culate f(—3) for the function f(x) = x~ Lirm

1

1

1)



Derivabives as f unckions

The derivative of f(x) at x = a (or the derivative of f at a) is a number
equal to the slope of the tangent line to y = f(x) at a.

The derivative of f(x) (or the derivative of f is) is a new function whose
value at each point is the slope of the tangent line to f at that point.

There are several ways to write derivatives.

d d
° f'(x) T s D.f G_f -

. Ve 85

dx dx

Formula: £/(x) = }Iim]w
=)



Derivabives as ﬂf unckions

Finding the derivative of a function is called “differentiating the function”.

@ We differentiated x? and found that its derivative is 2x.
This can be written many ways:

o flx)=2® lorfln) =12 ° D, (x%) =2x
0 f/ — — 2
: fdf 2% A X) =% ° %(XZ) il

it 2x for fix) = x*

o f=2x forflx) =x’
o D_f=2x fogfir) =%



What is the derivative of 5x2?

Linm
h—0 I

because of how limits work with + and Xx.

Derivative




The Power The Constant

The Sum Rule
Rule Multiple Rule

For any functions fand g,

(f(x) + (X))’
= f'(x) + 8').

The derivative of x" is For any function f and
nx"1 constant c,
if n is any constant. (c-f(x) ' =c-f(x).

Example: Differentiate ¥l 12\/)_c + 4.



Calculate the derivative of each of these, if you can:

S 1
o x Sy 4 > \/_ 1/27] = tx-1/2
x  DIx¥2] = ox
4 X_3 —3X~4 o 32 D{EZJ s ﬁ{gj =)
2 Z —T xR 9 It (We haven't learned this one 3@.&.)
X

X The Power Rule
does NOT apply here since
it’s not in the form x".

> 8x° R 4% 2




Task 1: Calculate the derivative of f(x) = 8x° at x = 2.




In the future we will learn how to differentiate ANY function. For example, the
derivative of x> In(cos(5x%)) is 3x? In(cos(5x%)) — 20x°® tan(5x™).

For now, we will only differentiate sums of powers. You should be able to
calculate the derivative of

14
%50 1 40 + 2T x + 2 F — 25
X



Where (if anywhere) is y = /X not continuous?

Where (if anywhere) is y = '’/ x not differentiable?



Calculakions vs. ideas

|

Given an equation for the tangent line to y = 1—6x — 3x at the point (6, —
30
”’:OQ = —X3 - 2w
RO
£ (<) = —xz b
-
3 X 3& 18 : -
A 10 s z
& el - il ay
f(e) = )
-10
-9 16 >
-20




Find the “local maximum” of e 3x.

1
16

£(x) = —x3 - 3%

/ ..i e

s 208 008, 00¢

(we m.ii. learn this later)

X = =4

f(-4) =

“&4’

+ 12

1. 4

Calculabkions vs.

30

20

o ifith

10



Definitions: We say f(x) is strictly increasing on an interval if for any a, b in
that interval with a < b we have f(b) > f(a).

We say f(x) is strictly decreasing on an interval if ... f(b) < f(a).

Facts: If f(x) is strictly increasing on an interval, then /'(x) > 0 for all
i x-values in that interval. If f(x) is strictly decreasing, then f'(x) < 0.




Zeno of Elea wrote three Paradoxes of
Motion, such as asking how an arrow
can Fwss&btj wove if ik is motionless at
every tnstant in time,

T@d&v, Limiks and derivakives can
resolve many of his questions.

Definition: We say f(x) is increasing at x = cif f'(c) > 0, and we say f(x) is
decreasing atx = cif f'(¢) < 0.

@ You can argue philosophically about whether f can really be increasing when x is
exactly ¢, but it is a helpful word to use.



o Intervals where this S
functions is increasing: i
=T e 2
‘ 1
and 4 < x < §
o Intervals where this il : 5 5 ) 5
function is decreasing: 5
) S et &
ahnd 2 < X < 4 =2
and x > § i

You can write (12U (4,8) and (~c0,~1)YU(R,4)U(5,00)
i} you prefer,



Critical pmiv&s

A critical point of fis an x-value where f'(x) is either zero or doesn't exist.
@ zero — horizontal tangent line
o does’t exist = vertical tangent line, or corner, or discontinuity

A function can only change from increasing to decreasing (or dec. to inc.) at a
critical point.



